We study higher derivative terms associated to an scalar field cosmology. We consider a coupling between the scalar field and the geometry inspired in the Pais-Uhlenbeck oscillator given by α∂ µ ∂ µ φ∂ ν ∂ ν φ. We investigate the cosmological dynamics in a phase space. For α > 0 we provide conditions for the stability of de Sitter solutions. For α < 0, which is the portion of the parameter space where the crossing of the phantom divide w DE = −1 and the cyclic behavior are possible, we present regions in the parameter space where the ghost has benign or malicious behavior, according to Smilga's classification.
Introduction
Scalar field has been widely used in cosmology, essentially scalar field is a good candidate to describe the early universe (inflationary era) and late universe (dark energy) [1] [2] [3] [4] . Once we use one scalar field as the matter content of the universe we need to specify the coupling between the scalar field and the geometry. In this sense there are enough literature about the minimal coupling and the non-minimal coupling cases [5] [6] [7] [8] [9] [10] [11] . The standard action to describe minimal case is given by 1) where the scalar field is minimally coupling to gravity. Besides we could consider one non-minimal coupling adding to (1.1) one term given by
where now the scalar field is coupling to the geometry through the Ricci scalar. A generalization of the action (1.2) was investigated in [12] by considering potentials V (φ) = φ n and V (φ) = φ n 1 + φ n 2 , and couplings −ζB(φ)R, where ζ is the coupling constant and B(φ) = φ N . It was investigated there the global picture of the phase space by means of compact variables. For some intervals of the slopes of the potential and the coupling function it was possible to find some exact solutions. In reference [13] was added to (1.2) a negative cosmological constant. This allows for a quasi-cyclic universe evolution with the Hubble parameter oscillating from positive to negative values. It can perform either one or several cycles, depending on the initial conditions, before to become negative forever. Very close models are the so-called quinstant model (a non-minimally coupled scalar field with the addition of a negative cosmological constant), that were discussed from the dynamical systems point of view in [14] . In addition, in [14] were reviewed, from both the qualitative and observational viewpoints, other Dark Energy models, e.g., the quintom paradigm, and new results were added to the state of art. Also, a scalar field could be coupled to the matter sector by adding to (1.1) a term of the form [15] 
where Ω(φ) −2 is the coupling function, L is the matter Lagrangian, and χ is a collective name for the matter degrees of freedom. The kind of couplings (1.2) and (1.3) are related through conformal transformations (see [15] and references therein). In the recent paper [16] was presented a comprehensive review about theories based on the action (1.3).
It is well known that the more general scalar field Lagrangian with non-minimal couplings between the scalar field and the curvature and at the same time producing second order motion equations is the so-called Horndeski lagrangian [17] . An special subclass, the Galileons, was constructed in [18] [19] [20] [21] . In order for the field equations to satisfy the Galilean symmetry φ → φ + c, ∂ µ φ → ∂ µ φ + b µ , c, b µ constants, in the Minkowskian limit, the four-dimensional Lagrangian must be the sum of the EinsteinHilbert lagrangian and four unique terms consisting of scalar combinations of ∂ µ φ, ∂ µ ∂ ν φ and φ, which are given by [22] :
(1.7)
The functions K and G i (i = 3, 4, 5) depend on the scalar field φ and its kinetic energy X = −∂ µ φ∂ µ φ/2, while R is the Ricci scalar, and G µν is the Einstein tensor. G i,X and G i,φ (i = 3, 4, 5) respectively correspond to the partial derivatives of G i with respect to X and φ, namely G i,X ≡ ∂G i /∂X and G i,φ ≡ ∂G i /∂φ. In [23] was investigated from the dynamical systems perspective the special case
In this setup we can find non-minimally coupled subclasses of Horndeski scalar-tensor theories that arises from the decoupling limit of massive gravity by covariantization [24, 25] . Now, in this paper, instead of investigating the Horndeski/Galileon class of models, we want to investigate a model that belongs to the more general theoretical possible form of the action with more general coupling term between the scalar field and the spacetime curvatures, expressed as 9) where f and k are arbitrary functions of the corresponding variables. Obviously, the nonlinear function f and k provide the more general non-minimal coupling between the scalar field and gravity. Of course this new coupling modify the usual Klein-Gordon equation, and as a difference with the Horndeski/Galileon class, the field equation for the scalar field is not longer a second order differential equation in this general case. Some previous results in the literature are for example; in Ref. [26] the authors used the coupling R µν ∂ µ φ∂ ν φ, and they found new analytical inflationary solutions. In Ref. [27] , the couplings R∂ µ φ∂ µ φ and R µν ∂ µ φ∂ ν φ were used and the author found one de Sitter attractor solution. Recently in Ref. [28] was found that the equation of motion for the scalar field can be reduced to second order differential equation when it is kinetically coupled to the Einstein tensor, G µν ∂ µ φ∂ ν φ, and in Ref. [29] the author investigated the cosmological scenarios for this kind of coupling.
In this article we would like to combine this ideas in a more easy setting where the higher order term are used with a homogeneous FRW cosmology. This settings allows to transform one complex problem, as it is one general covariant higher order in the cosmology lagragian in a classical mechanics problem. In order to do this we are using as coupling term the old problem called Pais-Uhlenbeck oscillator. This oscillator was proposed by Pais and Uhlenbeck as field theories with non-localized action in order to solve the ultraviolet behavior of the field theory [31] . This kind of theories are no free of problems, due to essentially that the equations of motion are of the fourth-order and therefore there are ghosts. This ghosts reflected the well known problem of the linear instability or Ostrogradsky linear instability of the theory [32, 33] . This instability was encoded in a kind of no go theorem. If the higher order time derivatives Lagragian is non-degenerate, there is at least one linear instability in the Hamiltonian of this system. As was said previously this instability meaning at least in one ghost in the field theory. Of course the presence of ghosts usually spoil unitary and/or causality of the theory and this is the reason why higher derivatives theories are not usually considered as good theories. One key world in order to circumvent this problem is to considered an interaction that allows to show that we can have a safety region, in the parameters space, where the theory is well behaved. This correspond to a kind of exorcism on the ghost in the way was developed in Ref. [34] for examples of this kind of PU oscillator in classical mechanics.
Smilga approach to classical mechanics
First we would like to review one toy model proposed by Smilga [34] , the starting point if one equation of motion gives by
where α is some function of q, i.e a potential. This equation of motion can be obtained from a higher-derivative action
Due to (2.1) is of fourth order, the phase space is 4-dimensional. Therefore we can describe the phase space by a pair of canonical variable and their momenta (P 1 , Q 1 ) and (P 2 , Q 2 ) with Hamiltonian
here one can always choose α(Q 1 ) to be some function which is bounded from bellow. The first term in (2.3) is more problematic because is the signal of the famous Ostrogradski linear instability. The linear instability refers to the linearity of the P 1 in this term. Since P 1 is free to run to the all phase space, there is no barrier that prevent some degree of freedom of the theory from having arbitrary negative energies. In other words, the Hamiltonian is not bounded from bellow. This corresponds to the Ostrogradski theorem: If the higher order time derivatives Lagrangian is non-degenerate, there is at least one linear instability in the Hamiltonian of this system, this is a kind of no-go theorem [35] . Therefore we can say that higher order derivative Lagrangian are doomed to always have at least one linear instability meaning in the presence of ghost in the systems. This ghost must to spoil the unitary and causality of the theory and therefore we must to abandon this kind of systems. Luckily everything is no lost and still we can try to do some kind of exorcism over the ghost. Just we would like to comment two proposals, in Ref. [36] was proved that the Ostrogradski instability can be removed by the addition of constraints and the original phase space of the theory is reduced. On the other hand, Smilga [34] found that a comparatively "benign" mechanical higher-derivative system exist. Where the classical vacuum is stable under small perturbations and the problems appear only at non-perturbative levels. The author used the following example,
It corresponds to one with higher-derivative and also involves two kind of non-linear terms: ∼ q 2 and ∼ q 2q2 . This system is benign if the non-linear term in the Lagragian have opposite sign, compared to the quadratic one. Therefore it is expected that the system is benign if both α and β are positive and malicious if both α and β are negative [34] . This simplest example show as the the interaction (the coupling) play a decisive role in the benign or malicious behavior of the theory.
In this sense our proposal is to used the minimal coupling to between one scalar field and the geometry where we are considering one Pais-Uhlenbeck term for the higherderivative term of the coupling. The Pais-Uhlenbeck oscillator was proposed in [31] for field theories with non-localized action in order to correct the ultraviolet behavior of the theory. The action to describe the PU oscillator is given by,
where we can obtain the fourth order equation of motion
Now, if we use the extra-coordinate x =q with the corresponding canonical momentum P x the canonical Hamiltonian is
where in the first term is reflected the Ostrogradski instability. Whose origin we can see in the fourth order equation (2.6), because this field equation gives a propagator like
or if we written in a more explicit expression
therefore the PU oscillator is not free of the Ostrogradski instability and exhibit ghost in his particle content. In the next section we are considered the PU in cosmology and we will see as the malicious behavior is corrected by the interaction between geometry and the scalar field.
Higher derivative coupling formulation
First at all, we would like to describe one simple model introduced in [36] where the action of the system is given by
a kind of Lee-Wick dark energy. In this case the equation of motion for the scalar field is given by
and the corresponding energy momentum tensor is described by
Under the scalar field redefinition [36, 37] 
the energy momentum tensor (3.3) can be written as
and the corresponding Lagragian is given by
This means that the single field higher derivative model is equivalent to a two field model where one field is the correct one (χ) and the second one is ghost (ψ), this result is consistent with the Ostrogradski's theorem. Therefore we need to learn to live with ghosts in higher derivative cosmology. This class of models is closely related to the so called quintom paradigm [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] through a Lee-Wick transformation of the kind (3.5). Although some cosmological features might be lost by the transformation.
In our case, we are interested in find the equations describing the interaction of spacetime geometry, the scalar field with the lagrangian density
where
and α is the coupling parameter, and a radiation source with energy density ρ r = ρ r,0 a −4 . For a homogeneous, isotropic and spatially flat universe the line element is described by
Now we can used the fact that the Einstein's equations for an homogeneous, isotropic, and flat universe can be derived from a pointlike Lagrangian [50] :
and we obtain the equations of motion from
Then, the equations of motion for the scale factor and the the scalar field are respectively
Due to, the lagrangian is not an explicit function of time we can used the first integral of Jacobi or in other words we can apply Noether's theorem for second order theories [51] , when the lagrangian is invariant under time translations. Thus we can obtain the following conservation equation
From the fact that our original systems is one covariant system we can fix ρ 0 = 0 and we can obtain a Friedmann-like equation for this higher derivative cosmology given by
Therefore the cosmological behavior of our system is described by the equation (3.12), (3.13) and the Friedmann likes constrains (3.15). In the next we are exploring the parameter space in order to see the benign or malicious behavior of this system. Additionally, we can define an effective Dark Energy (DE) source with energy density and pressure given by
16a)
where we have chosen a quadratic potential V (φ) = 1 2 m 2 φ 2 . Therefore, we can combine the Friedmann equations (3.15) and (3.12) in the usual form
The conservation equation for radiation iṡ
The dark energy density and pressure satisfy the usual evolution equatioṅ
and we can also define the dark energy equation-of-state parameter as usual
Finally, we defined the effective (total) equation of state parameter given by 
Qualitative behavior on the Phase space
In this section we perform the stability analysis of the cosmological scenario at hand. In order to do that we first transform it to its autonomous form
[ [54] [55] [56] [57] [58] [59] [60] , where X is a column vector of auxiliary variables, and primes denote derivatives with respect to N = ln a. Then, one extracts the critical points X c which satisfy X ′ = 0.
In order to determine their stability properties one take the Taylor expansion around them up to first order as
with U the column vector of the perturbations of the variables and Q the matrix containing the coefficients of the perturbation equations. The eigenvalues of Q evaluated at the specific critical point determine their type and stability.
Phase space
In our context the column vector denoted as X, is given by
which, due the Friedman equation (3.15) are related through
Additionally, we introduce the new time variable τ = ln a, i.e., f ′ ≡ df dτ =ḟ H . The evolution equations for (4.3) are:
5c) where the prime denote derivative with respect to τ .
The equation (4.4) is preserved by the flow of (4.5), i.e., taking the time derivative in both sides and using the evolution equations (4.5) we get an identity. Thus, we can use the relation (4.4) to eliminate one variable, say v, whose evolution equation (4.5f) is decoupled from the rest. From (4.5a), (4.5b), (4.5d) follows that the signs of x, y and u are invariant. This means, e.g., that solutions with initial value u(0) < 0 never cross the line u = 0. Additionally, observe that the system is form invariant under the discrete symmetry (x, y, Ω r ) → (−x, −y, Ω r ). However, it is not invariant under the changes z → −z and u → −u. Finally the fractional energy density Ω m must be non-negative. With the above features combined we can investigate the dynamics restricted to the reduced unbounded phase space Ψ := {(x, y, z, u, Ω r ) ∈ R 5 : x ≥ 0, y ≥ 0, Ω r ≥ 0}.
The basic observables of the theory are
6)
7)
8)
In the following we first investigate the dynamical behavior at the finite region. In the table 1 are presented the real and physically interesting critical points of the autonomous system (4.5).
1. The curve of singular points P ± 1 have the effective cosmological parameters w eff = −1, q = −1, i.e., they behaves as de Sitter solutions. They are always saddle-like. First, it follows that H = 1 xcycuc → ∞ at the equilibrium point since u c = y c = 0. On the other hand, from the definitions of z c and x c follows that φ ∼ H andφ ∼ H, which impliesφ ∼ u −1 c → ∞ at equilibrium. Now, since y goes to zero, follows that H must go to infinity faster thanφ does.
2. The curve of singular points P ± 2 have the effective cosmological parameters w eff = −1, q = −1, i.e., they behaves as de Sitter solutions. They have a 3D stable manifold and a 2D center manifold. Henceforth, to investigate its stability we must resort to numerical experimentation or use sophisticated tools like the Center Manifold Theory. Since at equilibrium x c and z c are finite, follows thatφ ∼ H and φ ∼ H. Now, combining the definitions of x and u, follows thatφ = √ 6M 6xcuc , which combined with y c = 0 implies that H must go to infinity as the equilibrium point is approached.
3. P 3 mimics a matter dominated solution with w eff = 0, i.e., it represents a dust solution which is a saddle point. 4 . P 4 mimics a stiff solution, i.e., w eff = 1. It is a source. All the derivatives of the scalar field, with the exception ofφ, go to infinity less faster than H does as the time goes backward.
Cr. P./curve Table 1 . The critical points of the autonomous system (4.5).
Cr. P./curve Eigenvalues Stability
−3, −3, −4, 0, 0 Nonhyperbolic
saddle P 4 3, 3, 3, 2, 0 Nonhyperbolic
2 , 0 saddle Table 2 . Stability conditions for the critical points of the autonomous system (4.5).
5. P 5 is a radiation dominated solution and it is a saddle as expected.
6. P 6 mimics a matter dominated solution with w eff = 0, i.e., it represents a dust solution which is a saddle point.
Cr. P./curve w DE w eff Table 3 . Observables of the critical points of the autonomous system (4.5).
Evolution rates for the cosmological solutions near P ± 2
For P ± 2 we have that u c = 0, x c = 0. From the definitions of u c , v c and x c the following relations that are valid at the equilibrium point.
Combining all the above expressions we obtain
The energy density and pressure of DE at the equilibrium point is given by
Now, let us examine the stability of P + 2 using the center manifold theorem [54] . In order to prepare the system for the analysis we introduce the new variables Now, the center manifold of the origin is given locally by the graph
15) where δ is "small" and Dh(0) denotes the matrix of derivatives evaluated at the origin. The functions v i must satisfy the set of quasilineal partial differential equations:
e., they are the expressions for the evolution equations v ′ i after the replacement v i → h i (u 1 , u 2 ). Assuming that the functions v i can be expressed locally as
where O(3) terms of 3th order, it is possible to solve the system (4.16) up to third order. Substituting the expressions (4.17) in (4.16) and comparing the coefficients of the same powers of u 1 and u 2 we obtain the relations for the a i 's, b i 's and c i 's:
18d)
18e)
Thus, the graph of the center manifold of the origin is given by the functions (4.17) with the coefficients given by (4.18). Plugging back (4.18) into the evolution equations for u 1 and u 2 we obtain that the evolution on the center manifold is given by
Neglecting the 3th order terms we obtain the general solution of (4.19):
The equations (4.19) define a local flow, i.e., a flow defined for all τ ≥ 2αc 1 sinh 2 (β) but not for the whole real line. For α > 0, it is easy to prove that for u 2 (t 0 ) > 0 the origin is approached when τ → +∞. Solutions with u 2 < 0 depart from the origin. In the figure  1 it is displayed the typical behavior of solutions on the center manifold of P + 2 . For the numerics we choose α = 1, m = 1, β = 1. For α < 0 the typical behavior is the time reverse of the above (see figure 2) . For analyzing P − 2 we introduce the new variables
21a) 
21d)
Applying the center manifold theorem in an analogous way as before we obtain at the end that the dynamics on the center manifold is governed by the same system (4.19). Thus, the results proceed from the previous analysis. That is, for Taking successive time derivatives in the above expression geẗ
Using the definition H =ȧ a , and substituting back the expressions (4.22) and (4.23) in the definition of v we obtain at the equilibrium point
Solving the differential equation (4.24) we obtain the solution
...
where y c = √ α α . For this point the energy density and pressure of the DE is given by
That is, it is a stiff solution. This solution, corresponding to a big-bang singularity, is closely related to the general solution obtained in [61] in the context of nonminimally coupled scalar field dark energy models. Now, let us examine the stability of P 4 using the center manifold theorem [54] . The center manifold of P 4 is tangent to the center subspace which is the u-axis. Defining the new variables 27) it is possible to translate P 4 to the origin (u, v 1 , v 2 , v 3 , v 4 ) = (0, 0, 0, 0, 0) and the system (4.5) reduces to its Jordan real form. The center manifold of the origin is now given locally by the graph
where δ is "small". The functions h i can be locally expressed as
Using the center manifold theorem we obtain that the graph is
where δ is "small", and the evolution equation on the center manifold is α . From our previous analysis we know that the sign of u is invariant. Thus, for α > 0, the solutions starting with u(0) > 0 approaches the origin as the time goes forward. The solutions starting with u(0) < 0 departs asymptotically from the origin. Thus, if we restrict our attention to the halfspace u > 0, the point P 4 behaves as a saddle point (the center manifold attracts an open set of orbits). However, considering the evolution in the whole space, the origin is unstable and P 4 is a local source.
Crossing the phantom divide
The crossing of the phantom divide, i.e., that the equation of state parameter of DE crosses the value w DE < −1, and the cyclic behavior appears for α < 0 for three different regimes |α| ∼ m, |α| ≫ m and |α| ≪ m. In this section we present some numerical solutions, and the regimes that appears for the case α < 0.
Numerical Solutions and Regimes
It is known that higher derivative terms involve ghosts [34, 62] , but in some regimes of the theory involve benign ghosts [34] , that is, the instabilities of vacuum that benign ghosts leads to a metastable vacuum. For illustration, we plotted the numerical solutions when V (φ) = 1 2 m 2 φ 2 in three different regimes, first when |α| (the parameter associated to quartic derivative of φ) is approximately equal to the parameter associated to self interaction term m, when |α| ≫ m and finally |α| ≪ m. The numerical solutions the scalar field and the scale factor are drawn in the figures 3 and 4 respectively. 
Final Remarks
We have considered four-dimensional cosmology theory where the scalar field is minimally coupled to gravity along with a self-interacting potential and one higher derivative term in the scalar field. Using the dynamical systems approach, we have obtained that for α > 0, and for initial values H(t 0 ) φ(t 0 )φ(t 0 ) > 0, the system is attracted by the curve of singular points P ± 2 corresponding to de Sitter solutions (w eff = −1, q = −1). Since at equilibrium x c and z c are finite, follows that φ ∼ H and φ ∼ H. Now, combining the definitions of x and u, follows thatφ is finite, which combined with y c = 0 implies that H must go to infinity as the equilibrium point is approached. Additionally, the past attractor is very likely to be an stiff solution with
which represents a Big-bang singularity and it is closely related to the general cosmological solution obtained in the context of nonminimally coupled scalar field dark energy models. Now, for α < 0, we have found a that the interaction allows to obtain the benign behavior in the scalar field where the vacuum is metastable, namely for |α| ∼ m we have that the solutions of the equations of motion drawn the scalar field oscillating and being damped through the time period where ghosts are benign. For this regime we see the scale factor solution accelerates as usual. For |α| ≪ m we see an oscillating scalar field where the amplitude is not damped during the regime, the scale factor does not accelerate for a period of time and then accelerate abruptly. Finally for the case scalar field oscillates with a period longer than the time it involves benign ghosts. The scale factor accelerates and then decelerates to accelerate again after a short time. For ω(t) in this three different regimes, we have the behaviors shown in figure 5 . For |α| ∼ m there is not crossing of the phantom divide. For |α| ≪ m the phantom divide is crossed periodically and finally, for |α| ≫ m the phantom divide is crossed once, but then, the equation of state becomes greater than −1, and possible future crossings are less often.
